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The empirical identiﬁcation of bound states of gluons has remained a central goal of hadron spectroscopy. 
We suggest an experimentally challenging, but model–independent way to assess which zero charge, 
isospin-zero mesons have a large gluonium light-front wavefunction component in the quark and gluon 
Fock space of QCD. Our method exploits QCD counting rules which relate the power-law fall-off of 
production amplitudes at high momentum transfer to the meson’s twist (dimension minus spin of 
its minimum interpolating operators). Scalar 0+ glueballs composed of two valence gluons with zero 
internal orbital angular momentum have twist τ = 2. In contrast, quark-antiquark |qq¯〉 scalar mesons 
have twist τ ≥ 3 since they have nonzero orbital angular momentum, and multi-quark states such as 
|qqq¯q¯〉 tetraquarks yield twist τ ≥ 4. Thus, the production cross section for both |qq¯〉 and |qqq¯q¯〉 mesons 
will be suppressed by at least one power of momentum transfer relative to glueball production. For 
example, in single inclusive particle hadroproduction AB → C X , the cross section for glueball production 
at high transverse momentum pT and ﬁxed xT = 2 pT√s will dominate higher twist mesons by at least two 
powers of pT .
Similarly, in exclusive production processes at large CM energy and ﬁxed CM angle, the glueball rate 
dominates by a power of s: we illustrate the method with a simple reaction, e−e+ → φ f0 where the f0
can be tested to be a glueball versus another type of scalar meson.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Since Quantum Chromodynamics (QCD) is a nonAbelian Yang-
Mills theory, its force-carrying gluons interact nonlinearly, and thus 
it can in principle create gluonium bound states |gg〉 and |ggg〉
without quark constituents in its valence Fock state. Such quark-
less gluonium states, (often referred to as “glueballs”) have been 
intensively studied by theorists; the consensus of the past two 
decades from lattice gauge theory [1,2] (classical quenched sim-
ulations), other approaches which model QCD, e.g., [3–7] as well 
as Regge theory [8,9], is that the lightest |gg〉 glueball is a scalar 
J PC = 0++ state in the 1.5 − 1.8 GeV mass range, accompanied 
by a tensor 2++ state above 2 GeV (associated with the pomeron 
Regge trajectory). Scalar 0+ glueballs composed of two valence 
gluon interpolating ﬁelds and zero internal orbital angular mo-
mentum have twist τ equal to 2, where twist is deﬁned as the 
dimension minus spin of its minimum interpolating operators.
QCD also predicts scalar mesons which are |qq¯〉 P-wave bound 
states with internal orbital angular momentum L = 1 and twist 
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SCOAP3.τ ≥ 3, as well as 0++ “tetraquark” states |qqq¯q¯〉 with twist τ ≥ 4. 
The scalar |gg〉 glueballs differ from these quark bound states by 
not having charge nor isospin, and by their twist τ = 2.
The superconformal algebra approach [10] to hadron physics 
predicts a uniﬁed spectroscopy of |qq¯〉 mesons, quark-diquark 
baryons, and diquark/antidiquark bound |[qq][q¯q¯]〉 tetraquarks [11]
as members of the same 4-plet representation with a universal 
Regge slope. However, the application of superconformal algebra to 
QCD does not predict gluonic bound states: the very strong gluon-
gluon self-interactions evidently lead to color-conﬁning forces in 
the soft QCD domain, but not to the constituent gluon degrees 
of freedom underlying gluonium bound states. The experimental 
search for quark–less hadrons is thus a topic of central interest for 
QCD.
Our method for identifying gluonium states exploits QCD count-
ing rules which relate the power–law fall–off of production ampli-
tudes at high momentum transfer to the hadronic twist. Similar 
counting rules for establishing tetraquarks and the composition of 
other exotic states have been presented [12,13].
Experiments have identiﬁed a rich crop of scalar f0 mesons 
in the 1-2 GeV energy interval [14,15], at 980, 1370, 1500, 1710 
and 2020 MeV. The BES f0(1810) candidate [16,17] in J/ψ → ωφle under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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this leaves ﬁve scalar mesons in the region of interest, with two 
competing candidates often claimed to be glueballs, the 1500 and 
1710. However, the discussion of which of these two most closely 
resembles the theorized glueball is far from closed [18–20], with 
preference perhaps for the f0(1710), see e.g. [21]. That analysis 
ﬁnds for this f0(1710) the earlier conjectured [22] property that 
the glueball may couple more strongly to K K than ππ (as sug-
gested by an all–orders perturbative suppression of its coupling to 
q − q¯).
Several groups [23–26] have addressed the conﬁguration mix-
ing of glueballs with other ordinary or exotic mesons. It is clearly 
necessary to have criteria which bear on the two topics of glueball 
identiﬁcation and mixing. The large-NC expansion around NC = 3
partly provides such a criterion [27]; additionally, the all-orders 
perturbative QCD arguments of [22] suggest that gg-qq¯ mixing 
is suppressed by mq .1 Those two criteria can be tested in lattice 
gauge theory, but it would be more satisfactory to use experimen-
tal data directly in a context where the state whose coupling to 
two pseudoscalars can be guaranteed to be the glueball.
Our observation is that the scalar glueball (almost certainly 
the lightest one) can be directly identiﬁed by experiment, albeit 
in a challenging kinematic regime, via QCD counting rules. We 
will brieﬂy recall the basics of counting rules below and show 
how the identiﬁcation can be carried out in exclusive reactions 
such as e−e+ → φ f0 and other large transverse–momentum pro-
cesses [28].
2. Counting rules and scalar glueball production
An essential observation for a renormalizable theory is that, 
when all scales become large in an exclusive scattering process 
such as AB → CD , at ﬁxed CM angle and large Mandelstam-s), the 
differential cross section scales [29,30] as a power-law in s, namely
dσ(AB → CD)
dt
= f (θCM)
sni+n f −2
. (1)
Here, ni and n f are the total minimum number of fundamental 
(pointlike) particles in the initial and ﬁnal states (equivalently, the 
minimum number of fundamental ﬁelds necessary to interpolate 
between the vacuum and the initial and ﬁnal scattering states). 
Thus, for the reaction e−e+ → π+π− one counts ni = 2 (two 
leptons in the initial state) and n f = 4 (each pion can be pro-
duced, at a minimum, from a quark-antiquark pair). This yields 
dσ
dt ∝ 1/s4 which corresponds, after accounting for kinematic fac-
tors, to a pion form factor Fπ (s) ∝ 1/s, a prediction under intense 
study [31]. The light-front Drell-Yan-West formulae for electromag-
netic and gravitational form factors are identical to the Polchinski-
Strassler [32] formula for form factors in Anti-de Sitter space 
(AdS5). This identiﬁcation (light-front holography) also provides a 
nonperturbative derivation of the scaling laws for form factors at 
large momentum transfer. Numerous other predictions [33], in-
cluding helicity selection rules [34], have been put forward for 
exclusive processes. The power–law predictions acquire logarithmic 
corrections as predicted in pQCD using the ERBL evolution equa-
tion [35,36].
The less-used extension that we need is the inclusion of orbital 
angular momentum [37–39]. Just like the nonrelativistic wavefunc-
tion of a bound state is damped at short distances by a centrifu-
gal factor rL , the light-front wavefunctions and the Bethe-Salpeter 
1 The cited exhaustive study of low–energy data [21] ﬁnds that the coupling 
g f0(1710)ππ is somewhat suppressed respect to g f0(1710)K K . The ﬁnding is consis-
tent with [22] which makes plausible that this might be a property expected of the 
glueball.Table 1
Power of s in the QCD counting rules suppressing the production of 
other wavefunctions relative to the glueball in large momentum transfer 
reactions involving an f0 meson.
Wavefunction gg qq¯|L=1 qq¯g qq¯qq¯
n f + L 2 3 3 4
Suppression 1 s−1 s−1 s−2
Fig. 1. A process which can distinguish the scalar glueball among the f0s: e−e+ →
φ f0 at the hadron level and at the quark level. In the right diagram, the counting 
rules correspond to the number of underlying fundamental ﬁelds (lines intersecting 
the box, red online) in the initial and ﬁnal states.
wavefunctions contain also such suppression. In the front form, 
the corresponding boost-invariant “radial” variable is ζ where ζ 2 =
b2⊥x(1 − x), and J z = Lz + Sz is conserved at every vertex [40]. This 
means that amplitudes involving a hadron with L units of internal 
angular momentum are suppressed by 
(√
s
)−L
[34], and the cross 
sections by s−L . As a consequence, the counting rules reﬂect the 
hadron twist τ and the cross sections become
dσ
dt
= f (θCM)
sni+n f +L−2
, (2)
where L sums all the internal orbital angular momenta.
Let us then apply the counting rules to the identiﬁcation of a 
glueball among the f0 states. The minimum Fock state that can 
appear in a glueball with J PC = 0++ is |	g · 	g〉 with the gluon spins 
antialigned and no orbital angular momentum. Thus, n f + L = 2: 
see Table 1.
The table also shows various other conﬁgurations that can also 
appear in a scalar, isoscalar meson which are power-law sup-
pressed in exclusive, large momentum transfer reactions. Adding 
extra ﬁelds further suppresses the production cross section. In the 
next section 3 we illustrate the counting rules for a simple exclu-
sive e+e− annihilation process.
3. Example reaction: e−e+ → φ f0
Exclusive reactions involving large transverse momentum trans-
fer or t are challenging because their cross sections fall as a power 
law against a background of total hadronic cross sections which are 
logarithmically growing. However, modern detectors in high lumi-
nosity machines, such as Belle-II, can provide good identiﬁcation 
against large backgrounds. Among many similar exploitable reac-
tions, we exemplify the advantageous process e−e+ → φ f0 (see 
Feynman diagram in Fig. 1).
Indeed, the φ recoiling against the scalar meson has a basic ss¯
quark composition (ideal mixing) in an L = 0 state that makes the 
application of the counting rules straightforward. The two mesons 
eventually decay with a measurable branching fraction to K−K+
and π+π− , four charged tracks which are easily identiﬁable in 
Belle’s barrel detector. Since this is an exclusive process, no other 
particle can appear in the same event. The counting rule of Eq. (2)
can then be applied (see right plot of Fig. 1): ni = 2 for the lep-
tons, n f = 4 for a quark-antiquark pair and two gluons, and L = 0, 
yielding dσ = f (θ) 14 .dt s
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ing over a ﬁxed solid angle (t not suppressed respect to s), and 
all scales are large. Then, σ |barrel = 4|pφ ||p f0 | ×
∫ cos θmin
0 d cos θ
dσ
dt
adds one power of s, resulting in the asymptotic behaviors (up to 
logarithms),
σ ( f0 = |gg〉 + . . .) ∼ constants3 (3)
σ ( f0 = |qq¯〉L=1 + . . . ) ∼ constants4
σ ( f0 = |qq¯qq¯〉s−wave + . . . ) ∼ constants5
Belle-II could then measure this reaction, e.g. at 9 and 11 GeV 
(off–resonance to avoid complications from ϒ(bb¯) structure). The 
ratio of the reaction cross sections at the two energies would fall 
by a factor, depending on the quark and gluon valence composition 
of the f0, given by 
σ(9 GeV)
σ (11 GeV)  3.4 (gg) ; 5 (qq¯)L=1 ; 7.5 (qqq¯q¯), 
etc. Thus, a measurement of this cross–section ratio to 20% accu-
racy can provide a meaningful test. Because the quark-gluon com-
position of the various f0s are different, the spectrum is distorted 
by those factors as the collider energy increases, as we show in the 
next paragraph 4.
The isoscalar gluonium production can be conﬁrmed by verify-
ing that no charged p-wave state with twist τ = 2 appears at the 
same mass in channels such as e+e− → ρ±a∓ .
4. Event number estimate
The well known C = +1 ππ spectrum from radiative J/ψ de-
cays [41] is shown in the top plot of Fig. 2. The typical scale here 
is thus at the charmonium’s 3.1 GeV.2
Having the line shape at hand, we need to normalize the spec-
trum at the same 
√
s. We proﬁt from actual Belle and Babar mea-
surements [42] of e−e+ → φππ at the f0(980) mass, which ﬁxes 
the total cross section at one point in the spectrum. The cross sec-
tion at low energy is dominated by the Y (2175) and peaks around 
0.6 nb, then falling to about 0.05 nb at 3 GeV, with no sign of 
signiﬁcant resonances. We take this last number as our normaliza-
tion of the OY axis in Fig. 2, and assume for the estimate that the 
counting rules apply for E > 3 GeV.
We can then use the power–laws of Eq. (3) to estimate the 
cross–section under various scenarios. The lower panel of Fig. 2 as-
sumes, for the sake of demonstration, that f0(1710) is mostly the 
glueball and the other visible C = +1 states, saliently the f2(1270), 
behave as a qq¯ meson. With σ(9 GeV) reduced to ∼ 70 fbarn, 
Belle-II could produce some 70000 φ–recoiling f0(1710)s with 1 
ab−1 of integrated luminosity (just 20% of a year’s data taking). 
About 20000 events are also obtainable at 11 GeV.
5. Reaction at the hadron level
The e+e− annihilation cross section at high s (very virtual 
photon) is dσdt
∣∣∣
CM
= 1
16π s2
|M|2, where the squared, spin-averaged 
Feynman amplitude is |M|2 = 14 e
4
s2
LμνHμν in terms of the e−e+
lepton tensor Lμν = kν−kμ+ + kμ−kν+ − s2ημν and the hadron tensor 
2 We take this energy to be the watershed between strongly interacting hadron 
physics and the hard regime germane to the QCD counting rules. Choosing a higher 
energy increases the predicted number of events (our result should then be a lower 
bound), because in the hadronic regime the cross–section falls less steeply, as ar-
gued next in section 5; but the spectrum at high energies is less distorted than 
shown in Fig. 2.Fig. 2. Top: Experimental ππ spectrum at the 3 GeV scale obtained [41] in J/ψ →
γππ . Bottom: an example of the ππ spectrum resulting from e−e+ → φ f J at 9 
and 11 GeV under the assumption that f0(1710) is the glueball (the state that drops 
the least in the measurement of the rate, if consistent with Eq. (3), would ﬁt this 
assignment).
H . There is only one independent scalar variable that H can de-
pend on – the virtuality of the photon q2 = s = Q 2, as both ﬁnal 
state particles are on-shell (p2i = M2i , i = φ, f0) and 4-momentum 
is conserved, q2 = (pφ + p f0)2.
As for the ﬁelds, we have three at the vertex (blob in the left 
plot of Fig. 1), a scalar one f0 and the two vector ones that satisfy, 
∂μAμ = 0 = ∂νφν , so that the effective Lagrangian must contain 
the indices crossed, i.e. ∂μφν etc. Because L is a scalar and be-
cause of conservation of parity, there can only be terms with an 
even number of derivatives and no Levi-Civita antisymmetric sym-
bols. The Klein-Gordon operator acting on the ﬁnal state particles 
can be substituted by a constant, as  f0 = m2f0 f0 (and similarly 
for φ). Leibniz’s rule for the derivative of a product and the ne-
glection of total derivatives further reduce the interaction vertex 
to two components in Feynman-Lorentz gauge,3
V μ = F1(q2)(φ)μ + F2(q2)(q · (φ))p(φ)μ (4)
in terms of the polarization (φ) and momentum p(φ) of the ﬁ-
nal state φ meson and two unknown form factors F1 and F2 that 
control its asymptotic behavior when s ∼ t ∼ u → ∞. At high mo-
mentum transfer, the squared, unpolarized Feynman amplitude be-
comes
3 V μ leads to a hadron tensor of the form Hμν = −|F1|2ημν +
pμφ p
ν
φ
m2φ
(
|F1|2 + (qpφ)(F ∗1 F2 + F ∗2 F1) + |F2|2(−q2m2φ + (qpφ)2)
)
. Because the sym-
metric lepton tensor is manifestly gauge invariant, Lμνqμ = 0, the longitudinal com-
ponents of Hμν are projected out upon contraction. If one wanted to make gauge 
invariance manifest one could substitute F1(q2)
μ
φ → G1(q2) 
(

μ
φ q
2 − qμφ · q
)
(and similarly for F2), but of course the second term would drop upon contraction 
with the lepton tensor leaving q2G1(q2) ≡ F1(q2).
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4
4s2
[
tu
2m2φ
(
|F1|2 + s
2
4
|F2|2 + s
4
(F ∗1 F2 + F ∗2 F1)
)]
;
(5)
(diagonalization by rotating the F s is unnecessary now).
In the perspective of effective ﬁeld theory, hadrons at low mo-
mentum transfer act as if pointlike and can be treated with an 
effective Lagrangian, providing a baseline against which to judge 
the quark-gluon based results.
Adopting the Vector Meson Dominance model, in which the 
photon ﬂuctuates into a vector meson (mostly a φ–like state such 
as φ(1680) or Y (2175)) and constructing an interaction Lagrangian 
along the lines of [43],
Lφ′φ f0 =
β
2
f0(φ
′
ν,μ − φ′μ,ν)(φμ,ν − φν,μ) +
e
3
g˜ f 2π A
μφ′μ , (6)
the form factors can be seen to behave as
F1(s) → constant = e
3
g˜ f 2πβ , F2(s) → −
F1(s)
2s
. (7)
This is the pointlike–hadron limit, distinct from the QCD prediction 
for the timelike form factor of an s–wave |qq¯〉–meson, up to loga-
rithms F1 ∼ 1/s, that also applies to glueball–φ production. Thus, 
while the least drop in σ that QCD may support for large s is 1/s3
as in Eq. (3), if the φ and f0 are taken as pointlike hadrons, the 
cross–section falls much more slowly at high s as given by
σhadronic(e
−e+ → φ f0) ∝ 1
s
. (8)
This result4 can be used in the experiment as the null hypothesis 
(no access to the internal structure of the hadron): as long as the 
cross section drops following the 1/s behavior of Eq. (8), the ex-
periment is still in a low–energy regime, probing the hadron as a 
whole. Only once the power becomes more negative, dropping as 
1/s3 or faster, one can contrast that fall–off with the intrinsic QCD 
counting.
If the change of slope sets in at an energy larger than 3 GeV, the 
number of events for the various f J s estimated as in section 4 be-
come a lower bound (since we have assumed 1/s3 or faster, so that 
the cross–section is smaller by the time one reaches Belle energies 
as compared with a continued 1/s, slowly falling dependence).
6. Effect of the renormalization of the wavefunction
The experiment we propose can reveal the states with large 
glueball wavefunction components at a hard scale of 1 = 9 GeV. 
But one question that may arise is the effect on the Fock expansion 
of a given state upon changing the scale down to a typical hadronic 
2 = 3 GeV.
Wavefunctions are not renormalization-scale invariant objects, 
but we recall [44] that the entire scale dependence of the 
light cone wavefunction is factorized into ﬁeld renormaliza-
tion constants: for example, the qq¯ component is ϕ(x, k⊥) =
Z2()ϕ˜(x, k⊥) in terms of the light–front variables, and where ϕ˜
is scale–independent. The glueball wavefunction of interest here is
ϕgg(x,k⊥) = Z A()ϕ˜gg(x,k⊥) ; (9)
4 Actually, the counting rules for two structureless mesons predict, with ni = 2 =
n f , that dσ/dt ∼ 1/s2 or, integrating over the angular span of the barrel, exactly 
this behavior σ ∼ 1/s. The rules encode naive dimensional analysis that the model 
respects.for a state with nq quarks and antiquarks and ng gluons, the con-
stant is Z
nq/2
2 Z
ng/2
A . This means that, for the glueball component, 
ϕ
2
gg
ϕ
1
gg
= Z A(2)Z A(1) . But the quark and gluon ﬁeld renormalization con-
stants are known [45] to vary with the scale as (to one loop and 
ignoring log(αs))
Z2  1+ div. − 3
2
g2CF
8π2
log
(
μ2
2
)
+ . . . (10)
Z A  1+ div. + g
2
8π2
(
11CA
6
− 2T F N f
3
)
log
(
μ2
2
)
+ . . . (11)
With αs  0.19 at the 9 GeV scale and choosing μ ≡ 2 = 3
GeV, the change in Z A is due to 0.116 log
(
32
92
)
 −0.255. In turn, 
the difference of quark renormalization constants is +0.133. This 
means that the glueball wavefunction of a mixed state determined 
at 9 GeV can decrease by order 30% by the time the hadron scale 
is reached; the pure qq¯ wavefunction takes an increase of order 
13%. Nevertheless, the renormalization corrections are multiplica-
tive: very small wavefunction components remain very small. (This 
is in agreement with the evolution found for the transition form 
factors of the f2(1270) meson produced in γ γ ∗ → f2, the reverse 
case with large quark and very small gluon fraction, this from 
gluon evolution [46].) In the lucky event that only one state con-
tained most of the glueball in the hard-scale experiment, this state 
would still contain it at the lower scale.
7. A comment on other exotic scalars below 2 GeV
From the point of view of the counting rules, Table 1 shows 
that |qqg〉 hybrid mesons follow the same power–law as ordinary 
p–wave |qq〉 mesons, so they cannot be distinguished; addition-
ally light scalar hybrids are not generally expected below 2 GeV. 
Therefore, we will comment only brieﬂy on tetraquark states.
Since the classic work of Jaffe [47], a nonet of light scalar 
mesons is expected. Precision studies have been carried out for 
the σ or f0(500) [48] and κ or K ∗0 (700) mesons: they lead to 
the belief that these states complete such nonet together with the 
f0(980) and a0(980).
Moreover, the recent realization [49] that an approximate su-
persymmetry among the meson, baryon and tetraquark spectrum 
may be at work, naturally leads to the assignment of the octet 
formed by σ , κ , and a0(980), as the superpartner of Gell–Mann’s 
baryon N(940), (1110), (1190), (1320) octet. Then, given the 
mass similarity and proximity to the K K¯ threshold of f0(980)
and a0(980), it is reasonable to think that f0(980) is of the same 
tetraquark–like nature.
If this assignment is correct, both f0(500) and f0(980) should 
have a fast dropping cross–section between 9 and 11 GeV (a fac-
tor 7.5 as explained at the end of section 3). In fact, if the counting 
rules apply from as low as E = 3 GeV, the relative drop of a |qqq¯q¯〉
candidate is so large (a factor of (3 GeV/9 GeV)4 = 1/81 with 
respect to the glueball production rate, 1/9 respect to the quark-
antiquark state) that it would be erased from the spectrum.
Any subdominant |qq¯〉 components of the (mostly tetraquark) 
light f0 states [48] would come to the front, so that σ ∼ a4s4 + a3s3
with a3 < a4 would eventually become dominated by a3. A pos-
sible experimental outcome is that after a quick change of the 
spectral shape due to erasing the tetraquark components out of 
the light f0s, eventually mixed states would be decreasingly pro-
duced in pace with the largely qq¯ f2(1270).
As for further tetraquark states in the 1-2 GeV energy interval, 
we should recall that tetraquarks generically form ﬂavor multiplets.
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a0(1450) and f0(1370) (largely |qq¯〉) including also either the 
f0(1500) or f0(1710) as the |ss¯〉 partner. But one (or a linear com-
bination of these two f0s) is a supernumerary isoscalar, what one 
would expect of a glueball rather than a tetraquark. Independently, 
there possibly is an excited multiplet containing the a0(1950) and 
f0(2020), whether of |qq¯〉 or |qqq¯q¯〉 nature. The counting rules can 
help discern the nature of all these states by following the behav-
ior of their production cross–section with energy.
8. Glueball production in pp collisions
Our arguments can be extended to other high momentum 
transfer exclusive and semi-inclusive reactions. In this paragraph 
we brieﬂy address the counting rules for proton–proton collisions 
which could be carried out at RHIC or by the CMS or ALICE col-
laborations at the LHC. In this case both protons scatter elastically 
(e.g., to forward detectors set at ﬁxed angles along the beam pipe) 
as in pp → ppφ f0. The meson subsystem is deposited in the cen-
tral barrel with a sizeable transverse momentum (2-5 GeV for each 
meson) so that pomeron and other Regge exchanges subside. In the 
case where all angular intervals are ﬁxed and the large momen-
tum transfer scales are large we can apply the counting rules. The 
proton’s elastic scattering brings a decreasing form factor, propor-
tional to 1/q4. The counting rules predict dσ/dt ∼ s2−ni−n f = s−14
for f0 ∼ gg and s−15 for |qq¯〉 (s−16 in the tetraquark case), since 
the protons provide six particles in each of the initial and ﬁnal 
states. Such a strong fall-off is not going to be easily distinguish-
able (a precision under 10% is required in the measurement of the 
exponent at 5-10 GeV!). Therefore, we additionally propose doubly 
diffractive peripheral two-photon measurements with large pt (of 
several GeV for each of the two mesons in the barrel, where a dou-
ble gap ensures that both protons are diffracted). Since the protons 
are not required to scatter elastically, there is no power–law sup-
pression from their quark content. Large pt is required to ensure 
that the particles extracted from the proton are pointlike (typically 
photons) so that pomeron-reggeon exchanges play no role. Under 
these conditions, the prediction is identical to the one in e−e+ and 
γ γ annihilation, since the effective reaction is γ γ → φ f0: the ini-
tial state, in practice, is made of two pointlike particles. At any 
ﬁxed energy, σ will be relatively small because of the diffractive 
requirement and the electric–charge dependent extraction off the 
protons, and the large pt requirement on the mesons. But once 
this has been accounted for, the power–law suppression of dσ/dt
is much less steep and more easily accessible.
These measurements beyond our proposed reaction in section 3
do seem promising, and we intend to focus future studies estimat-
ing their feasibility.5
9. Outlook
In addition to the exclusive measurements, one can consider 
the one particle inclusive reaction e−e+ → φ + X , analogous to 
the charmonium one [51] that was used to discover the X(3940). 
Then, the π+ π− would not need to be reconstructed, as long 
as the φ be hard. This would increase the counting rate as the 
neutral decays of the recoiling f0 would be included. Multiparti-
cle decays of the f0 would not change the counting here, as the 
most likely quasi-collinear emission, not involving another highly 
5 A referee observes that the extant high-pt data on X(3872) by the CMS col-
laboration and its comparison [50] with deuteron production by ALICE can be used 
to make a statement on the nature of that X meson. We agree, but defer a more 
complete analysis as that particle does not reasonably seem related to gluonium.Fig. 3. A possible ππ line shape in the reaction e−e+ → φππ at 11 GeV. Broken 
line: a simple model in which only the f0(1710) contains a signiﬁcant glueball com-
ponent, and thus σ ∼ s−3 from Eq. (3). Solid line: recalculation assuming that the 
f0(1500) also scales as a glueball (both states, strongly mixed, share the glueball): 
f0(1500) ends up dominating over the f2(1270) peak, assumed a |qq〉.
virtual particle, does not cost an additional power of s, as recently 
emphasized [52].
If the mixing angle rotating |qq〉 and |gg〉 to the physical f0
basis is large (that is, if the chiral suppression of [22] fails to ma-
terialize), more than one state may follow the glueball counting 
rule of Eq. (3). The situation is illustrated in Fig. 3. We see that the 
experimental line shape can be used to decide about this scenario. 
For example, if the f0(1500) is taken to have a sizeable glueball 
fraction, it eventually becomes more prominent than the (likely 
qq) f2(1270) that towers the spectrum at low-s, and with which it 
seems to interfere. At a ﬁnite energy, mixing can cause superposed 
power laws mocking a non-integer exponent. Only with asymp-
totically higher energy should the pure QCD behavior settle. Thus 
we have chosen a high scale such as Belle’s 10 GeV (an order of 
magnitude above the hadronic momentum wavefunction scale of 1 
GeV). In the next decade no experiment will collect suﬃcient clean 
data at yet higher energies, but we hope that Belle-II suﬃces.
An alternative setup [21] accepts that a glueball is responsible 
for both f0(1710) and f0(1500). The lightest state appears be-
cause of the opening of the ηη′ threshold, acting analogously to 
a diffracting edge projecting a second image of the same object, 
additionally to its direct ππ resonant shape. Final–state rescat-
tering entails, no matter what the production energy, that the 
decay f0 → ππ continues leaving a signal in both mass regions. 
In spite of the ηη′ direct production decoupling asymptotically as 
σ ∝ 1/s5, both f0(1500) and f0(1710) would only dim as σ ∝ s−3, 
providing an interesting further test of the results of [21].
We emphasize that Belle-II can make an important contribu-
tion to hadron spectroscopy by identifying exotic hadronic states, 
including glueballs and tetraquarks [53,54]. If Belle-II collects sig-
niﬁcant off-resonance data at 9 and 11 GeV (or other sensibly 
chosen energies), it can make a fundamental test of the nature 
of the f0 mesons and help with a longstanding puzzle, the identi-
ﬁcation of the glueball. Moreover, any scalar meson f0 which has 
an O (1) mixing overlap with a glueball will have σ(e+e− → φ f0)
scaling as 1/s3; thus, Belle can experimentally prove the existence 
of a glueball even if it strongly mixed among several states, by just 
identifying a fraction of the spectrum with that speciﬁc scaling.
This procedure can be extended to the tensor 2++ glueball, 
expected to have a mass slightly above 2 GeV; such quantum 
numbers can also arise from a p–wave |qq¯〉 wavefunction, distin-
guishable from the |gg〉 s–wave state by the counting rules.6
6 A full calculation of the γ γ → f2[gg]π0 production cross section has been per-
formed in ref. [55]. We thank N. Kivel for bring this paper to our attention. An 
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